We present the structure of anhydrous sodium carbonate at room temperature (phase ) and 110 K (phase ) based on single-crystal X-ray diffraction data. The incommensurate phase was determined almost 30 years ago in the harmonic approximation using one modulation wave and ®rst-order satellites. In our work we use satellites up to ®fth order and additional harmonic waves to model the anharmonic features of the structure. The commensurate phase is presented for the ®rst time. Using the superspace approach, both phases are compared in order to ®nd common trends in the whole range of the sodium carbonate phases. We present arguments supporting the hypothesis that the driving force of the phase transitions may originate in the unsaturated bonding potential of one of the Na ions.
Introduction
Anhydrous Na 2 CO 3 has been widely investigated over the past three decades from two basic points of view. First, its room-temperature phase is incommensurately modulated with very strong satellite re¯ections. Brouns et al. (1964) found that these spots could only be indexed if four indices were used. This discovery resulted in the foundation of the superspace approach by Janner, Janssen and de Wolff following the 9th International Crystallography Conference in Kyoto (Japan, 1973) . Their approach recovers the periodic properties of modulated crystals by extending the basic crystallographic concepts to higher dimensional space. Na 2 CO 3 was the ®rst structure re®ned as a modulated structure in a harmonic approximation (de Wolff, 1974; van Aalst et al., 1976) .
The second point of view concerns the investigation of phase transitions. At high temperature (see Table 1 ), sodium carbonate undergoes a ®rst phase transition from a hexagonal to a monoclinic structure. At room temperature an incommensurately modulated phase appears which transforms to a commensurate lock-in phase at low temperatures. In this article, the phases will be referred to as , , and starting from the hexagonal high-temperature phase. An overview is given in Table 1 . The A hexagonal-to-monoclinic ferroelastic phase transition has been presented as an ideal system for lattice melting Swainson et al., 1995; Harris et al., 1996) .
In the present work we concentrate on the structure analysis of phases and . The structure of the incommensurate phase was previously solved in the harmonic approximation using only ®rst-order satellites. With the development of measurement techniques, higher-order satellites could be reliably measured up to order 4 using a laboratory X-ray diffractometer and even higher order using synchrotron radiation. Naturally the question arises what is the difference between the harmonic description using only one harmonic modulation wave and an anharmonic description combining more harmonic waves? Meyer et al. (1995) have already presented preliminary results at the Aperiodic'94 conference. Here we give the ®nal structure model including the displacement modulation.
The existence of the A lock-in transition at low temperature was ®rst reported by de Pater & Helmholdt (1979) and con®rmed by Harris & Salje (1992) . To our knowledge, the structure of phase has not yet been determined, probably owing to dif®culties linked to the preparation of good single crystals of anhydrous sodium carbonate.
Experimental

Preparation
Reagent-grade anhydrous sodium carbonate was placed in the tube of a Bridgeman apparatus. At a temperature of 723 K the heater system was raised at a speed of 1 mm per day. The single crystal grown was kept in an open phial under dry nitrogen over a molecular sieve. This phial was subsequently transferred into a glovebox with less than 10 p.p.m. of water vapour. In this box the crystal was shattered into smaller chips, which were then placed into the Enraf sample grinder. While constantly monitoring the development of the grinding process by means of a binocular built into the wall of the glovebox, some suitable, but somewhat egg-shaped, samples could be obtained for diffraction. These were then gently jostled into borosilicate capillaries and made to stick on their walls by a small ®lm of degassed silicon grease. Finally, these capillaries were sealed inside the glovebox by means of a CO 2 laser.
Data collection
Details of the measurements are summarized in Table 2 .
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All measurements were carried out using a Kuma four-circle diffractometer equipped with a CCD detector and a cryostream cooling device. Measurement was carried out with a detector distance of 71 mm and with 0.5 3 and 9 oscillation steps to a 2 angle up to 70 . Many of the re¯ections were multiply measured. The exposure time was from 25 to 60 s depending on the detector angle. In the reciprocal space viewer, the peak positions revealed that the crystal contained an admixture of other domains (see Fig. 1 ) with weaker intensities. Fortunately, they did not overlap with the main domain which could be integrated independently.
The absorption was neglected because the egg-shaped crystal within the capillary did not allow any reliable indexing. Later, a comparison of the results for data without absorption correction and data corrected for an approximate shape described with many faces gave the same results. For the data processing and reciprocal space reconstructions, the RED software (Kuma Diffraction, 2000; Oxford Diffraction, 2001) was used. The modulation wavevector was re®ned with the program NADA (Scho È nleber et al., 2001) . The diffraction pattern of phase is shown in Fig. 2 . In accordance with unpublished synchrotron measurement (Lam, 1998) , which revealed satellites up to sixth order, the data integration was performed up to m = 6. However, only 49 sixth-order satellites above the limit of 3' were detected. Thus, the sixth-order satellites were neglected in the re®nement. The ®fth-order satellites were used to check their ®t with the tested structure Projection of the reciprocal space of phase along c*. Strong peaks are represented by dots; the satellite re¯ections are projected in the a*, b* plane. The peaks that can neither be indexed as a main re¯ection nor as satellites are mostly located along the dotted lines labelled`1' and`2' (in rings). This indicates the presence of two other domains of Na 2 CO 3 . Table 2 Experimental data.
-Na 2 CO 3 : (1) superspace description; (2) sixfold supercell description.
-Na 2 CO 3 -Na 2 CO 3 (1) -Na 2 CO 3 (2) Table  2 ).
Superspace description of commensurate structures
The superspace approach to describe commensurate structures has been used for a long time and the underlying theory is given in Dam & Janner (1986) . Its growing use (see, for instance, Evain et al., 1998; Bagautdinov et al., 1999; Lambert et al., 2002 ) is related to the implementation of the method and its automation in the software program JANA2000 (Petricek & Dusek, 2000) . It is now used by scientists who are not specialists in aperiodic crystallography. The relatively straightforward case of the phase of Na 2 CO 3 is an excellent opportunity to explain the method, especially from the practical point of view. Satellite re¯ections of commensurate structures can be indexed using a q vector with rational components, q
. Assuming that the integers n 1 , n 2 and n 3 are small, the structure can be equally well solved and described with an N-fold supercell, N n 1 Â n 2 Â n 3 . Later in this section we shall see that the superspace description has some advantages.
The atomic positions in a one-dimensionally modulated structure are given as the sum of an average position and a shift For incommensurately modulated structures x 4 can take all possible values between 0 and 1. In a commensurate structure, however, the modulation function is de®ned only at points corresponding to the N positions of the relevant atom in an Nfold superstructure. Fig. 3 illustrates an example of a sixfold superstructure which is found in phase of sodium carbonate. The shaded area is the four-dimensional supercell A 3 , which represents the ®rst three coordinates of the superspace, and A 4 is the fourth coordinate. The horizontal dotted lines denote the real space section t 0 through the superspace, which is used for the description of our superstructure, and all its equivalents following from the translation periodicity. The wavy line in the ®gure denotes the modulation function; its de®nition points correspond to the intersections with the lines t 0 . Owing to the sixfold nature we can ®nd six non-equivalent intersections. Assuming that the modulation function describes atomic positions, the intersections de®ne six different positions, C 1 ,C 2 , .., C 6 , of the atom in the supercell.
The section t 0 can be arbitrarily shifted along A 4 . The shift changes the positions C i , i.e. it changes the resulting superstructure. The symmetry of the superstructures generated for various values of t 0 can be derived from the superspace group of the commensurate structure. The selection of the best t 0 yielding the best ®t between the observed and calculated structure factors is the basic task of the structure analysis of commensurate crystals.
The advantage of this approach over the classical three-dimensional re®nement relates to the ease of testing various superstructures with different symmetry using the same cell parameters, data set and superspace symmetry, by merely rede®ning t 0 . In the commensurate re®nement, the number of re®ned parameters can also be more conveniently controlled in terms of the number of modulation waves. For instance, we can add ADP modulation waves (ADP = atomic displacement parameters) for some atoms as long as they signi®cantly improve the ®t. If at this stage the maximum number of displacement parameters is not reached this means they are similar or dependent in the superstructure. This fact cannot be described with temperature ellipsoids in a three-dimensional re®nement. The superspace re®nement is also very useful for the systematic description of crystal structures, using a uni®ed approach for commensurate and incommensurate phases.
Structure analysis 4.1. Refinement of incommensurate c-Na 2 CO 3
The re¯ections of -Na 2 CO 3 were indexed using four indices and the vector q given in Table 2 . As JANA2000 (Petricek & Dusek, 2000) enables switching between 3d and 4d structures, the same data set was used for the re®nement of both the average and the modulated structure. Only observed re¯ections up to ®fth-order satellites were used. The sixthorder satellites were excluded from the re®nement because of their weakness.
4.1.1. Average structure. The re®ned parameters of the average structure are close to the previously published values (van Aalst et al., 1976) . With anisotropic displacement factors for all atoms, the re®nement converged to R = 0.12 for 814 observed main re¯ections. This re®nement provided a good starting model for the modulated structure re®nement. Large values of some displacement parameters, especially U 22 (see Table 3 ), indicated which atoms were most affected by the modulation, in excellent agreement with the re®nement of the modulated structure presented below.
4.1.2. Modulated structure. The results of the modulated structure re®nement are given in Tables 4 and 5 . Small arbitrary starting values of the ®rst position modulation wave were assigned to the starting model. The re®nement converged smoothly with the ®t given in Table 6 . The ®rst wave suitably reproduces only the ®rst-order satellites. With four position modulation waves for all atoms except carbon, where three waves suf®ciently describe its displacement, the ®t of the ®rst-and second-order satellites was already quite satisfactory, while the higher-order satellites were at odds with our structure model. The Fourier maps (Fig. 4) Table 3 Displacement parameters in the average structure of -Na 2 CO 3 . Table 4 Final coordinates, equivalent isotropic displacement parameters and Fourier amplitudes of the displacive modulation functions for -Na 2 CO 3 .
The waves are sorted by the term (s for sinus, c for cosinus) and n. (7) 0.28535 (7) 0.02607 (12) s,1 À0.02589 (7) 0.07376 (9) À0.02096 (10) c,1
À0.01640 (6) 0.00289 (9) À0.03486 (9) s,2 0.00113 (6) 0.00191 (9) À0.00124 (9) c,2 0.00018 (6) 0.00006 (9) À0.00207 (9) s,3 0.00169 (7) the re®nement of ADP modulation could improve the ®t. Additional ADP modulation waves were introduced one by one for each atom until they improved signi®cantly both the R values and the relevant difference Fourier sections. Large differences between atoms were found, from C atoms without ADP modulation to O atoms where three ADP modulation waves were necessary. In the ®nal model the modulation functions ®tted very well with the Fourier maxima. The corresponding difference Fourier section (Fig. 4) , plotted with steps of 0.1 e A Ê À3 , was virtually¯at despite the fact that this illustration concerns the O1 atom with the most complex modulation behaviour.
Commensurate d-Na 2 CO 3
The phase was indexed with four indices using the vector q = (1/6,0,1/3) with an elementary cell very close to phase . The average structure of phase was taken as a starting point for the commensurate re®nement. By adding and re®ning the modulation waves for a given t 0 and superspace symmetry we could create structure models of the possible commensurate structures.
4.2.1. Transformation relating the supercell and superstructure description. The straightforward transformation from the superspace description to the supercell yields the 18-fold 6 Â 1 Â 3 superstructure using the transformation (applicable to reciprocal cell parameters as column vectors)
The q Â l products, where l is an integer translation, in Fig. 5 indicate that the 18-fold superstructure consists of three identical sixfold parts and that it can be fully described either by a 6 Â 1 Â 1 or 2 Â 1 Â 3 supercell. In this re®nement we used the 6 Â 1 Â 1 supercell for the commensurate structure. However, the following transformation was selected to convert the re®nement results into the supercell This yields an equivalent sixfold supercell with improved indexing with c * parallel to the q vector (see Fig. 6 ). The direct space transformation from the 6 Â 1 Â 3 supercell to the actual supercell is The products, where l is an integer translation (l x ,0,l z ) and q is the incommensurate vector of -Na 2 CO 3 . electronic reprint 4.2.2. Number of parameters. In the commensurate structure the modulation functions are completely described by a ®nite Fourier expansion. In the superspace re®nement, the same maximal number of parameters can be used as in a conventional re®nement in the supercell. With the same number of parameters both descriptions are equivalent.
The number of parameters for the superspace re®nement can be derived from simple considerations. On a general position of the basic structure an atom generates N atoms in the superstructure. N is minimally equal to the order of the superstructure (6 in our case). This number increases further by lowering the superstructure symmetry. For instance, in the superspace group C2/m(0)0s, with t 0 = 1/5, the space-group symmetry of the sixfold superstructure is Pn, giving rise to 12 positions from each general position in the basic structure. The maximal number of position parameters re®ned for the atom in the supercell is 3N. In the superspace description we can therefore re®ne the basic position (three parameters) plus 3N À 3 for position modulation parameters. Using the same arguments, we can re®ne 6N displacement parameters in the supercell, which is equivalent to six displacement parameters of the corresponding basic position plus 6N À 6 of the ADP modulation parameters. From the last wave we can use either cos or sin terms. Atoms in special positions must be treated individually.
4.2.3. Refinement. Table 7 lists the space groups in the 18-fold superstructure compatible with the possible superspace groups using various values of t 0 . Here it should be noted that following the transformation to the sixfold superstructure, the space-group symbols change owing to the choice of unit cell. For instance, P2 1 /a becomes P2 1 /n etc. According to our expectations, the re®nement con®rmed that a reasonable ®t between observed and calculated data could only be obtained in the superspace group C2/m(0)0s, as in phase , using t 0 values of 0, 1/8 and 1/5 corresponding to space groups P2/n, P2 1 /n and Pn in the sixfold supercell. The re®nement results for the three cases are summarized in Table 6 The ®t between observed and calculated data of -Na 2 CO 3 for 4129 re¯ections exceeding 3'(I) using different structure models.
In Model 1 only one position modulation wave was re®ned. Model 2 uses the ®nal set of position modulation parameters. Model 3 is identical to our ®nal results. N represents the number of parameters. Table 5 Final displacement parameters and ADP modulation functions for -Na 2 CO 3 .
The waves are sorted by the term (s for sinus, c for cosinus) and n. symmetry group associated with t 0 = 1/5 did not improve the results.
In the next step we tested for the minimal set of parameters necessary to describe the structure. We used the maximum number of position waves for all atoms except carbon, where the sixth position wave did not improve the R factor. The ®nal position parameters are listed in Table 9 . With the ADP modulation parameters (Table 10 ) the conditions were different, as only O1 required more than two waves to describe the ADP modulation. For Na1, Na2 and C the ADP modulation was not required. This indicates that their displacement parameters for particular positions in the superstructure should be very similar. In Table 11 the ®t between observed and calculated data for the full and the reduced set of ADP modulation parameters is compared with a structure model without ADP modulation. A reduction of 126 parameters, corresponding to the change from the full set to the reduced one, increased the R value by 0.23%, whereas removing the remaining 72 ADP modulation parameters caused an additional rise of 1.35%. The model with the reduced set of displacement parameters was therefore used as the ®nal commensurate structure. The sixfold superstructure given in Table 12 was re®ned with a full set of displacement parameters, as is usual in the standard re®nement.
Discussion
The modulation of phase has been described by van Aalst et al. (1976) in the harmonic approximation. de Wolff & Tuinstra (1986) thoroughly discussed the crystal geometry of the , Figure 7 Schematic description according to of -andsodium carbonate. The columns approximate the shape of NaO 6 octahedra. The CO 3 groups are represented by triangles; the solid and dashed lines denote the different height of the CO 3 groups. (a) Projection of the hexagonal phase along c with cross sections (rings) through the NaO 6 columns. (b) Projection of phase along a. The rear NaO 6 column is shifted up because of the shear strain.
Figure 6
Relation between the commensurate cell and the sixfold supercell (shaded) used in this article. The subscripts`c' and`s' indicate the commensurate and the supercell description.
Table 7
Space groups of the 18-fold superstructure derived from the possible superspace groups of -Na 2 CO 3 .
and phases. We shall focus on the comparison between the harmonic and anharmonic description of phase . From a geometrical point of view, the newly determined phase , although very similar to phase , will help us to understand the role of the sodium ion Na3 + (see later) in the sequence of phase transitions.
Phase transitions in sodium carbonate in terms of shear strain
In this paragraph we shall brie¯y repeat the main points from de Wolff & Tuinstra (1986) as they are necessary to understand the structure of sodium carbonate. The hightemperature phase is hexagonal (Table 1) with symmetrically independent atoms C, O, Na1 and Na2. Na1 forms a rather rigid face-sharing Na1O 6 octahedron giving rise to columns along the hexagonal axis. The columns are bound together with rigid CO 3 groups. Another sodium atom, Na2, lies between two adjacent CO 3 groups occupying a site that is considerably larger than Na1. A schematic view of phase is given in Fig. 7a .
At the to phase transition, a shear strain occurs which shifts adjacent NaO 6 columns along the former hexagonal c axis (see Fig. 7b ). The symmetry of the structure changes to monoclinic with symmetrically independent atoms C, O1, O2, Na1, Na2 and Na3. In the two independent Na1O 6 and Na2O 6 octahedra, the bond distances are almost the same as in phase .
Phases and preserve the overall features of phase . Both exhibit the same symmetrically independent atoms and the superspace group is derived from the space group of phase . The most characteristic feature is the¯exing of the NaO 6 columns (see Fig. 8 ). The rigidity of the main building units is, however, retained.
Single-atom modulations
The position modulations of phases and are given in Tables 4 and 9 , respectively. The O1 atom exhibits the largest displacements with amplitudes of 0.2, 0.4 and 0.2 A Ê along the a, b and c axes. The modulation of the other atoms occurs mainly in the b direction, with modulation functions often deviating far from the harmonic description (Fig. 9) . The modulation amplitudes of the least modulated atom O2 are approximately 0.1 A Ê . In phase the de®nition points of the modulation functions are in good agreement with the functions of phase , indicating that both phases are very similar. The largest modulation of the displacement parameters (see Tables 5 and 10 for Projection of phase along a. The double lines re¯ect the shape of the NaO 6 columns shown in Fig. 7 . The black thick lines denote the chemical bonds in the CO 2À 3 ions. Ions Na1 + (white circles) and Na2 + (hatched circles) are at the center of the octahedra; their bonds are not plotted. In addition to the four neighbouring O1 atoms, they are bonded to two other O2 atoms (not shown here) that connect the columns through other CO atoms O1, O2 and Na3. In O1 the amplitudes are 0.011, 0.006 and 0.007 A Ê 2 for U 11 , U 22 and U 33 , respectively, while for O2 and Na3 the most signi®cant parameter is U 22 with an amplitude of $ 0.004 A Ê 2 . Both modulation amplitudes and the absolute values of the displacement parameters are signi®-cantly lower in phase , especially for O1, with a modulation amplitude U 11 reduced to 0.006 A Ê 2 . The equivalent isotropic displacement parameters are compared in Fig. 10 for phases and .
5.3. Rigidity of CO 3 and NaO 6 building units in phases c and d Table 13 lists the bond lengths and angles of the CO 2À 3 ions. In both phases, the CO 2À 3 ions are rigid with less than 0.01 A Ê variation for bond lengths and 1 for angles. It should be noted here that all re®nements have been carried out without restricting the bond lengths and angles.
In CO
2À
3 ions the CÐO distances should be in the range 1.29 AE 0.01 A Ê . Based on many observations, any signi®cant deviation from this value indicates a failure of the model rather than reality. However, the distances of phase based on coordinates from Swainson et al. (1995) are signi®cantly shorter, $ 1.19 A Ê , with a corresponding unreasonably high bond-valence sum of $ 5.2 (Table 14) . In phase the bondvalence sum decreases to 4.43, which is still far from the expected value of 4.00. Moreover, the bond lengths differ for CÐO1 and CÐO2. de Wolff & Tuinstra (1986) have attributed these discrepancies to the strong anharmonic displacement which inhibits the precise calculation of distances. Indeed, in phase where the displacement parameters are reasonable, the CÐO distance exhibits the standard value of 1.28 A Ê . In phase another decrease in the displacement parameter occurs (Fig. 10 ) and the CÐO distance reaches its ideal value of 1.29 A Ê .
Figure 10
Equivalent isotropic displacement factors of atoms in the CO 3 group as a function of the internal coordinate t. The thick lines belong to phase , the others represent U eq of phase . In NaO 6 octahedra, the variation in NaÐO distances is $0.05 A Ê , despite the fact that all participating atoms except O2 are strongly modulated (Fig. 9) . On the other hand, the angles are subject to larger variations. A signi®cant modulation occurs especially for NaÐO1ÐO2 angles with minimal and maximal values varying from 12 for Na1 to 21 for Na2. The larger deformation of Na2O 6 octahedra is due to their locations, where the column of NaO 6 octahedra is strained. This is clearly visible in Fig. 8 by observing the lines connecting the O1 atoms.
The role of Na3 + in phase transitions of sodium carbonate
In the main building units of sodium carbonate (CO 3 groups and NaO 6 octahedra) the in¯uence of phase transitions on bond lengths is very low. The bending of columns and the corresponding change of angles in the octahedra can be understood in terms of the response to some external changes rather than the driving force of the phase transitions.
A different situation occurs with Na3 + ions. This atom is located between CO 2À 3 ions (Fig. 8) and is not part of the NaO 6 octahedra. In phase the large Na3ÐO distances Na3ÐO (Table 15 ) cause the corresponding bond-valence sum to be much lower than 1 (Table 14) . On the other hand, its bonding potential should be the same as for other Na atoms, although they are already bonded to all the O atoms available. In phase the position of Na3 + in the centre of a large hole is stabilized by thermal energy. In phase the coordination of Na3 is more compact as a result of the shear-strain transition, but there is still no Na3ÐO bond as short as those occurring in NaO 6 octahedra.
The detail of the Na3 coordination in phase is shown in Fig. 11(a) for t = 0 and in Fig. 11(b) for the whole interval of internal coordinate t sampled in steps of 0.01. The bondvalence sums indicate that the average coordination is slightly closer than in phase , but that the average Na3ÐO distances are indeed not too dissimilar. However, in some modulated con®gurations, Na3
+ exhibits close contacts with the neighbouring O atoms with bond lengths as short as in the NaO 6 octahedra. Fig. 12(a) shows the Na3ÐO distances in the phase plotted as a function of the internal coordinate t. The Na3ÐO contacts with bond lengths below 2.5 A Ê exist simultaneously for at most three atoms and are established sequentially with most of the coordinated O atoms. This behaviour is only possible because of the strongly modulated Table 8 Comparison of re®nements for the three structure models of -Na 2 CO 3 derived from the superspace symmetry C2/m(0)0s.
NW max and NW used : maximum and ®nal number of waves for position and displacement modulation, respectively; NP: number of parameters; R 1 , R 2 and S 1 , S 2 : R values and goodness-of-®t, respectively, for the superspace (subscript 1) and supercell (subscript 2) re®nement; NR: number of re¯ections; NA: number of independent atoms in the sixfold supercell;`®xed' lists the parameters that were ®xed in addition to those ®xed by symmetry. The cos terms of the ith modulation wave are denoted c,i. ² 12 waves could not be used due to computational problems. ³ For re®nement in the supercell a full set of 648 parameters was used. § s,6 for Na1 and Na2 because of their special symmetry positions.
Figure 12
The Na3ÐO distances plotted as a function of the internal coordinate t for ( Na3 position and movement of NaO 6 octahedra, the latter being understood as a response to the tendency of Na3 + to saturate its free bonding capacity. Despite the fact that the nearest O atoms alternate, the average bond-valence sum calculated for Na3ÐO distances up to 3.5 A Ê exhibits only small variation, AE0.05 (Fig. 13) .
A closer look at Fig. 12(a) shows that only one of the Na3Ð O2 bonds remains present for all values of t, while other short contacts appear and disappear in various con®gurations of the modulations. The permanent bond is indicated by an arrow on Fig. 11(a) . Its length reaches two minima at points t 9 0.29 and t 9 0.79, where only two short contacts under 2.5 A Ê appear, contrary to most other con®gurations where three such contacts exist. One short missing bond is compensated for not only by the minimum value of the above-mentioned Na3ÐO2 bond, but also by the presence of two other Na3ÐO2 bonds which are only 0.1 A Ê longer. Therefore, in this con®guration Na3 is almost the same distance to O2 atoms as to all three neighbouring NaO 6 octahedra. An analysis of the shape of the column represented in Fig. 8 revealed that this occurs only when Na3 + is located in the straight part of the column. Two additional points at t $ 0.25 and 0.75 are characteristic (Fig.  12a) . Here only one short NaÐO bond exists, completed with four longer ones having almost the same length of 2.57 A Ê .
At the A transition, only the six most stable Na3O coordinations are selected. Considering that the points 0.29 and 0.79 are close to 1/8 + 1/6 and 1/8 + 4/6, the con®guration with three nearly equal Na3ÐO2 bonds is also realised in the superstructure. On the other hand, the con®gurations with t 9 0.25 and 0.75 found in phase are absent in phase . All the remaining points (1/8, 1/8 + 2/6, 1/8 + 3/6 and 1/8 + 5/6) correspond to con®gurations where three Na3ÐO bonds shorter than 2.5 A Ê exist simultaneously. This is an indication that the phase transition A is also driven by the unsaturated Na3 + ion. In Fig. 12 (b) the Na3ÐO bonds of phase are plotted as a function of t and compared with phase . Here one should only focus on the de®nition points of the modulation functions. Outside, they acquire unreasonable values owing to the high number of harmonic waves used in the re®nement. Comparison with the corresponding curves in phase shows that both structures are very close except for the overall decrease of the bond lengths.
The last feature to discuss is the in¯uence of the Na3 + ion on the size and shape of the NaO 6 octahedra. The permanent Na3ÐO2 bond mentioned above is the reason that all CO 3 groups are tilted in order to let O2 be nearer to Na3 + . This tilt Table 9 Final coordinates, equivalent isotropic displacement parameters and Fourier amplitudes of the displacive modulation functions of -Na 2 CO 3 .
The waves are sorted by the terms (s for sinus, c for cosinus) and n. (9) electronic reprint is clearly visible in Fig. 8 . As a side effect, the average Na1Ð O2 bond (see Table 13 ) is 0.1 A Ê shorter than Na2ÐO2 in phase and 0.05 A Ê in phase . The graphs illustrated in Fig. 13 seem to be in contradiction with this phenomenon as they show a smaller bond-valence sum for Na1 + than for Na2 . This difference appears for all con®gurations of phases and and indicates a slightly tighter coordination of Na2 + compared with Na1 + . The tilt of the CO 3 groups brings not only O2 nearer to Na1 + , but also to Na3 + , as illustrated in Fig. 14 . This is the reason why the Na1ÐO1 bonds are on average 0.05 A Ê longer that the corresponding Na2ÐO1 bonds. As the octahedra consist of four O1 and only two O2 atoms, the shorter Na1ÐO2 bonds are compensated with longer Na1ÐO1 bonds. The further increase of the bond-valence sum of Na2 + is caused by the upper limit of 3.5 A Ê , within which another O atom appears for Na2 + , but not for Na1 + .
Modulation of displacement parameters
A closer look at the displacement parameters (see Table 5 , Table 10 and Fig. 10 ) yields a very consistent model. In phase both the basic displacement parameters and their modulations are lower than in phase as a consequence of the lower temperature. The relative ADP modulation is the same in both phases, i.e. no modulation of C, little modulation of Na1 and Na2, and large modulation of O1, O2 and Na3. The large ADP modulation of Na3 is caused by its highly variable neighbourhood, while Na1 and Na2 with stable octahedral coordination exhibit virtually no ADP modulation. The same explanation is valid for atoms O1 and O2, because O2 with a weaker ADP modulation is permanently in contact with Na3, whereas O1 with a strong positional modulation is not (Fig.  12) Table 10 Final displacement parameters and displacement modulation functions of -Na 2 CO 3 .
The waves are sorted by the terms (s for sinus, c for cosinus) and n. Figure 13 Bond-valence sums of sodium as a function of the internal coordinate t.
Bold lines correspond to phase ; the other lines are calculated for phase . The vertical dotted lines indicate values of t where the modulation functions of phase are de®ned.
Table 11
The ®t between observed and calculated data of -Na 2 CO 3 for 5695 re¯ections exceeding the 3'(I) limit using different sets of displacement modulation parameters in the re®nement. structure models with very low position modulation. Otherwise, it would try to deviate from the stable position by means of large displacement parameters.
The harmonic and anharmonic descriptions of phase c
In our re®nement of phase , satellites and modulation waves of up to fourth order have been used. A comparison with the results of the harmonic re®nement using only ®rst-order satellites and one harmonic modulation wave reveals that the overall features of the structure are not changed. However, both models differ in details. The CO 3 group is less rigid in the harmonic approximation: the¯uctuations are 0.06 A Ê for bond lengths and 2 for angles, which is in agreement with the values given by de Wolff & Tuinstra (1986) . Table 12 Final coordinates and equivalent isotropic displacement parameters ofNa 2 CO 3 after transformation to the sixfold superstructure and re®ne-ment. Selected bond distances (A Ê ) and angles ( ).
h denotes phase re®ned in the harmonic approximation. The data for phases and are taken from Swainson et al. (1995 Bond-valence sums according to Brown & Altermatt (1985) , in sodium carbonate calculated up to 35 A Ê for phases , , and .
In phase the atoms Na1, Na2 and O1, O2 are symmetrically equivalent. In phases and , the average values are given. 
Figure 14
The distances Na3ÐNa1 (bold lines) and Na3ÐNa2 (thin lines) plotted as a function of the internal coordinate t.
Obviously the harmonic re®nement tends to compensate the electron density maxima of the anharmonic movement of the group with the help of oxygen positions. On the other hand, there is no difference between the rigidity of the distances in NaO 6 octahedra. In both cases, the¯uctuation of the NaÐO bonds is $ 0.05 A Ê . If we follow the shape of the NaO 6 columns ( Fig. 8) as a line connecting atoms Na1 and Na2, there is no visible difference between both descriptions. The rather sharp turns of the line are achieved by combining two harmonic functions for Na1 and Na2. The coordination distances of Na3 + based on the harmonic re®nement are plotted in Fig. 15 . A comparison with Fig. 12(a) shows important contrasts. First, the permanent Na3ÐO2 bond exhibits virtually no modulation in the harmonic model, while in the anharmonic model it shows strong minima and maxima corresponding to the de®ni-tion points of phase . On the other hand, the values of t for which Na3 + shares approximately three equal bonds to the neighbouring O2 atoms are the same in both phases. Another difference can be observed in the intervals of t where Na3 + creates three short bonds below 2.5 A Ê . The intervals still contain the de®nition points of phase , but they are shorter than in the anharmonic description. Moreover, the Na3ÐO1 distance is sometimes smaller than the 2.40 A Ê limit that is strictly kept for the Na3 + ion in both phases and (anharmonically described) . It appears that the anharmonic description is fundamental to the understanding of the behaviour of Na3 + .
Conclusions
In the present work we have completed the structure analysis of -sodium carbonate which was started almost 30 years ago during the opening of a new exciting ®eld of aperiodic crystallography. Based on the progress in experimental and computing techniques, we could use higher-order satellites and additional harmonic modulation waves to model the anharmonic features of the structure. Our new model agrees with the main features of the harmonic description. However, it reveals a more detailed view necessary to the understanding of the factors leading ®nally to the commensurate lowtemperature phase .
For the ®rst time we present the structure analysis of phase . The uni®ed superspace description contributed greatly to the comparison of both phases with very similar structure. The most signi®cant differences were detected in the coordination of the Na3 + ion. We found strong arguments for the hypothesis that this atom is aiming at the saturation of its free bonding capacity, which may be the driving force for phase transitions in sodium carbonate. research papers Figure 15 The distances Na3ÐO plotted as a function of the internal coordinate t for phase re®ned in the harmonic approximation. The bold lines are Na3ÐO2 distances; the other lines correspond to Na3ÐO1 distances. The vertical dotted lines indicate values of t where the modulation functions of phase are de®ned. The open circles show the shortest distances found in phase .
Table 15
Na3ÐO distances calculated up to 35 A Ê for various phases of sodium carbonate.
In phase atoms O1 and O2 are equivalent. In the average phase , the minimum and maximum distances are listed. In the phase atoms Na3, O1 and O2 split to many symmetry-independent positions; all possible distances in the commensurate model can be described using two positions of Na3. 
